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Abstract. A group of permutations G of a set V is k- distinguishable if there exists a 
I partition of V into k parts such that only the identity permutation in G fixes setwise 

' aU of the cells of the partition. The least cardinal number k such that (G, V) is k- 

I distinguishable is its distinguishing number D{G,V). In particular, a graph F is k- 

' distinguishable if its automorphism group Aut(r) satisfies £'(Aut(r), VT) < k. 

'■^ ' Various results in the literature demonstrate that when an infinite graph fails to have 

some property, then often some finite subgraph is similarly deficient. In this paper we 
show that whenever an infinite connected graph T is not /c-distinguishable (for a given 
cardinal fc), then it contains a ball B of finite radius whose distinguishing number is at 
I least k. Moreover, this lower bound cannot be sharpened, since for any integer A: > 3 

' there exists an infinite, locally finite, connected graph F that is not /c-distinguishable but 

in which every ball of finite radius is /c-distinguishable. 

In the second half of this paper we show that a large distinguishing number for an 
I imprimitive graph T is traceable to a high distinguishing number either of a block of 

imprimitivity or of the induced action of Aut(r) on the corresponding system of imprim- 
itivity. The distinguishing numbers of infinite primitive graphs have been examined in 
detail in a previous paper by the authors together with T. W. Tucker. 

> ■ 

o , 

^ . 1. Introduction 

^ I In infinite graph theory, one frequently considers properties that are finitely describable. 

O ■ A theorem in this vein may state that if an infinite graph fails to satisfy a certain finitely 
describable property, then some finite subgraph is the likely culprit. For example: 

• if an infinite graph F is not fc-colorable, then there exists a finite subgraph of F 
that is not A;-colorable (N. G. de Bruijn and P. Erdos [3j); and 

• if a countably infinite graph is not planar, then some (finite) subgraph is home- 
omorphic to one of the Kuratowski graphs Kr, or 3 and hence is not planar 
(attributed to P. Erdos by G. Dirac and S. Schuster 

In this note we consider the property of distinguishability: a permutation group G 
acting (faithfully) on a set V (which we often write as a pair {G, V)) is k- distinguishable 
if there exists a partition of V with k cells such that only the identity permutation in 
G fixes setwise all of the cells of the partition. If k is the minimal cardinal such that 
the permutation group {G, V) is /^-distinguishable, then k is the distinguishing number of 
{G, V), and we write D{G, V) = k. Applying this notion to graphs, we say that a graph 
F is k- distinguishable if its automorphism group Aut(F) satisfies D(Aut(F), V^F) < k. 
(This notion, applied to finite graphs, is originally due to Albertson and Collins fTj.) For 
brevity, unless some proper subgroup of Aut(F) is being considered, we write simply -D(F) 
instead of D{Ant(T), VT). 
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2 BOUNDING THE DISTINGUISHING NUMBER OF INFINITE GRAPHS 

One might hope that if an infinite graph F fails to be /^-distinguishable, then some 
"interesting" substructure ought to bear the blame. Indeed, this is already known for 
countably infinite trees: if a countably infinite tree has finite distinguishing number k, 
then some finite subtree also has distinguishing number k (see [HJ). In this paper we 
present two substructures that may be blamed: one is a graph-theoretical substructure 
and the other is algebraic. 

In the first part of this paper we look at combinatorial substructures and demonstrate 
a class of finite-diameter subgraphs of F that give a meaningful upper bound for -D(F). In 
the second part of this paper we look at algebraic substructures, demonstrating a sharp 
upper bound for -D(F) in terms of the distinguishing number of a block of imprimitivity 
and the induced action of Aut (F) on the corresponding system of imprimitivity. 

For infinite graphs in general, the parameter of distinguishing number is not as well- 
behaved as parameters such as chromatic number and genus; the distinguishing number 
of a subgraph of a graph F is not necessarily less than or equal to, but also may be 
greater than -D(F). For example, any connected graph with infinite diameter contains 
finite induced subgraphs with distinguishing number k for all G N (to wit, the null 
graph on k vertices). The class of subgraphs of finite diameter that we've selected for 
consideration are the ball-graphs B{x, n): for n G N, B{x, n) is the subgraph of F induced 
by the vertex set {y G VT : d{x, y) < n}. Its radius is n and it is centered at x. 

Suppose that /c — 1 is the largest valence of the vertices of a connected graph F. If F 
is finite, then -D(F) < k (see [Sj Theorem 4.2]). When F is infinite, the sharper bound of 
D{V) < /c — 1 is obtained (see [H Theorem 2.1]). This easily yields the following. 

Proposition 1. Let T be a connected graph without 3-cycles and let k denote some car- 
dinal. IfT is not k- distinguishable, then there exists a vertex x G VT such that B{x, 1) 
has distinguishing number at least k. □ 

We extend this result considerably. 

Theorem 2. Let T be a connected graph and let k denote some cardinal. If F is not 
k- distinguishable, then, for any vertex x G VT, all but finitely many ball-graphs centered 
at X have distinguishing number at least k. 

Corollary 3. If the graph F of the above theorem is locally finite, then k is a sharp lower 
bound for the distinguishing number of its ball-graphs. 

Notice that we are providing here an upper bound for the distinguishing number of F 
in terms of the distinguishing number of its finite ball-subgraphs. It is tempting to think 
it possible to obtain a more interesting lower bound for infinite graphs F than -D(F) > 2 
when Aut (F) is not trivial, but this is impossible. It is easy to construct an example of 
a connected graph F in which the distinguishing numbers of the ball-graphs centered at 
any given vertex of F are not bounded above, while the whole graph is 2-distinguishable: 
consider for example a rooted tree in which, for all n E N, all the vertices at distance n 
from the root have valence n. 

The purpose of the second part of this article is to describe the distinguishing number of 
an imprimitive graph in terms of its blocks of imprimitivity. Recall that a transitive group 
G < Sym (V) is primitive if the only G-invariant equivalence relations on V are either 
trivial or universal. A graph is primitive if its automorphism group acts primitively on 
its vertex set. If G is transitive but not primitive, then it is imprimitive, and there exists 
a nontrivial and non-universal G-invariant equivalence relation p on V. Any equivalence 
class B with respect to p is called a block of imprimitivity, or simply a block. The set 
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SS = {B^ : g G G} is the set of all equivalence classes of p, and is called a system of 
imprimitivity. The group G naturally induces a transitive group of permutations on 
If H is the subgroup of G that fixes every block setwise, then H <\ G and G/H acts 
transitively and faithfully on 

In [9l Theorem 1], A. Seress showed that all finite primitive permutation groups of 
degree strictly greater than 32, other than the symmetric and the alternating groups, have 
distinguishing number 2. It was shown in [lOj that every infinite primitive permutation 
group with finite suborbits (orbits of a point-stabilizer) has distinguishing number 2, and 
thus that the distinguishing number of any nonnull, infinite, locally-finite, primitive graph 
is equal to 2. In the light of these results we investigated imprimitive graphs and concluded 
that a high distinguishing number for an imprimitive graph F is accompanied by the 
property that in any system of imprimitivity ^ of F, either: 

(i) each block B ^ ^ has a high distinguishing number; or 

(ii) the action induced by Aut(F) on the system of imprimitivity has a high distin- 
guishing number. 

We determine the reasons for this, obtaining sharp bounds for the distinguishing number 
of (i) the distinguishing number of any block B & ^ and (ii) any imprimitive permutation 
group G in terms of the distinguishing number of the induced action of G on any system 
of imprimitivity 

For a given cardinal n and a graph A, we denote the disjoint union of n copies of A by 
nA. For each U C VT, we let (U) denote the subgraph of F induced by U. 
The following is the main result of the second part of this article. 

Theorem 4. Let T be a vertex-transitive graph such that (Aut (F), ^F) admits a system 
of imprimitivity SS. Let = denote the equivalence relation on VT of belonging to the 
same block. If the cardinal n denotes the distinguishing number of the action of G on the 
quotient graph (F/ =), then D{T) < D{n{B)) for all B E Furthermore, this bound is 
sharp. 

To conclude the article we show that when the cardinal number n is finite. Theorem H] 
may be deduced (with a little work) from a theorem of Melody Chan [4, Theorem 2.3]. 

2. Distinguishing number and ball-graphs 

We begin by bounding the distinguishing number of a connected graph in terms of 
the distinguishing number of its ball-subgraphs. Corollary [3] will follow from Example [5] 
below. 

Proof of Theorem\^ It may be assumed that F has infinite diameter; otherwise there is 
nothing to prove. Since F is connected, this assumption implies that for all x G VT and 
all m, n G N, if m < n, then i?(x, m) is a proper subgraph of B{x, n). 

We prove the contrapositive. Suppose that for some x G V^F there exists an infinite 
increasing subsequence {rijjjgN from N such that D{B{x,ni)) < k for each i G N. Let us 
abbreviate B{x,ni) by B{i). Let X be a set (of colors), with |X| = k and fix Cq G X. It 
follows that for each z G N, there exists a distinguishing coloring ipi : VB{i) — )■ X with 
the property that ipi{y) = Cq if and only ii y = x. 

We now construct a coloring ip : VT — X with the property that ip{y) = Cq if and only 
ii y = X and prove by induction on i that ip is ^-distinguishing on B{i) \ B{i — 1) for all 
i G N. From this it will follow that D{T) < k. 

We begin by setting ipi = ipi and remarking that ipi is a distinguishing coloring of -B(l) 
with at most k colors that assigns to ?/ G VB{1) the color Cq if and only if y = x. For 
j > 2 we define the /c-coloring ijjj : VB{j) — )■ X by 
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^P,.,{y) ifyeVB{j-l), 
if.iy) ifyeVBij)\VBij-l). 

Our induction hypothesis is that for all i < j , ipi is a distinguishing coloring of B{i) that 
agrees with on VB{i — 1). We claim that ipj is a distinguishing coloring of B{j) and 
is an extension of ipj-i- For some g G Aut {B{j)), suppose that ipj{y^) = ipj{y) for all 
y G VB{j). Since ipjiy) = Cq if and only ii y = x, we have that g fixes x and therefore 
g fixes VB{j — 1) setwise. Since is a distinguishing coloring of B{j — 1) while ipj 
and agree on VB{j — 1), ■j/'j restricted to — 1) is a distinguishing coloring of 

B(j — 1); hence g fixes VB{j — 1) pointwise. But g also fixes V^i?(j) \ VB{j — 1) setwise. 
Hence for all y G l^-B(j) \ VB{j — 1), we have (pj{y) = 'ipjiy) = i^j{y^) = Vjiv^)- We have 
shown that for all y G B{j) we have ipj{y) = ipj{y^), which implies y = y^ because (pj is a 
distinguishing coloring of B{j). Hence tpj is a distinguishing coloring of B{j) that agrees 
with ipi on B{i) whenever i < j. 

Define a function ip : VT — )■ X as 4j{y) = ipi{y) whenever y G VB{i). The argument of 
the preceding paragraph implies that ip is well-defined. We claim that ^ is a distinguishing 
coloring of F. For suppose that ip{y^) = ip{y) for some g G Aut (F) and all y G VT. Then 
g fixes x and therefore g fixes setwise every set VB{i). Moreover, for all i G N and for 
all y G VB{i), the function ipi is a distinguishing coloring of B{i); since ipi{y^) = 'ip{y^) = 
ip{y) = ipi{y)i it follows that y^ = y. Hence ip is a distinguishing coloring of F, and so 
D(T)<\X\=k. □ 

Example 5. This example demonstrates the sharpness of the lower bound in the case of 
locally finite graphs. For any given integer A; > 3, we construct an infinite, locally finite 
graph F with the following two properties: 

(i) D{T) = k + l; and 

(ii) For all x G VT, all but finitely many ball-graphs centered at x have distinguishing 
number k. 

Let Aq be the complete graph Kk on k vertices; let Ai be the complete graph -ft'fc(fc-i) 
minus a 1-factor, and let A2 be the complement of Aq (i.e., the null graph of order 
k). Write [n] := n (mod 3). Let F be the infinite, locally finite graph with vertex set 
VT = UnGZ (^^N ^ {^1)5 which two vertices {x,m), {y,n) G VT are adjacent if and 
only if 

(i) n = m and x and y are adjacent in A^n]] or 

(ii) \n — m\ = 1. 

Thus F is a strip (i.e., a 2-ended graph admitting a translation; see [S]). Intuitively, F has 
the following form: 

A2~ Ao- Ai- A2- Ao- Ai 

in which each vertex in any copy of A[„] is adjacent to every vertex in its adjacent copies 
of and For n G Z, let if„ be the subgraph of F induced by V^A[„] x {n} (so 

Hn = A[„]), and let Ti := {H^ : n G Z}. 

Let us first examine Aut (F). We remark that each of the subgraphs if„ is a vertex- 
transitive graph. One easily verifies that for all m G N the valences (in F) of vertices 
in H^m, Hsm+i, and are, respectively, k"^ + k — 1, fc^ + — 2, and fc^. Since 

k > 3, these three integers are distinct, and so the orbit of any vertex in VHn is the set 
[J{VHm : m = n (mod 3)}. 

Fix g G Aut (F). Since Hq = Aq is connected, it must therefore hold that = for 
some m G Z. Since Ai is also connected, and since every vertex in Hq is adjacent to every 
vertex in Hi, it follows that iff = ifsm+i- Since the k vertices of H^m+2 niust be the images 
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of the remaining k neighbors of the vertices of Hi, we have iff = Proceeding in 

this manner through both positive and negative subscripts, one shows inductively that g 
satisfies = H^m+n for all ri G Z. If m 7^ 0, then g is a translation. 

To prove that that F is not ^-distinguishable, suppose that (f : VT {1, 2, . . . , A;} is 
a distinguishing coloring of T. Using each of the (2) (unordered) pairs of colors for each 
of the g) pairs of nonadjacent vertices of Ai, we have D{Ai) = k. Thus D{Hn) = k 
for all n G Z. Specifically, there exists a distinguishing fc-coloring of each subgraph 
Hn, and it is unique up to a permutation of the colors. Moreover, for each n G Z, 
there exists an automorphism hn G Aut(if„) such that, for all {x,n) G VT, we have 
ip{x,n) = Lf ((x, n + 3)'^"+^). But then all k color classes determined by Lp are preserved 
by the translation (x, n) 1— i- {x,n + 3)^"+^. 

We next show that F is (/c + l)-distinguishable. For our palette of colors, we now 
use X := {0,1,2,. By the previous argument, we know that we may let ipo : 
VHq — > X \ {k} be a distinguishing fc-coloring of Hq, and for any integer 7^ let 
(Pn '■ VHn — X\{0} be a distinguishing fc-coloring of The unique vertex of Ho colored 
must therefore be fixed by any automorphism g G Aut (F) that preserves the color classes 
of (p, and so g fixes setwise each subgraph H^- But g preserves the distinguishing coloring 
(Pn of Hn for every G Z. Hence g is the identity automorphism. 

It remains only to show that for any given [x, n) G VT and integer m > 3, the ball-graph 
B := B {{x,n),'m) has distinguishing number at most k. Clearly 

n+m 

VB= [j VH,. 

i=n—m 

If Ira — z| < m, then the valence of a vertex in Hi is the same in both B and F. If 
|n — ^1 = m, then the valence of a vertex in Hi is one of the five smaller values: k"^ — 1, 
fc^ — 2, k'^ — k, 2k — 1, k. By an inductive argument similar to the one above, it follows 
that every automorphism of B fixes Hi setwise whenever |n — 2| < m. Since D{Hi) = k 
it must hold that D{B) < k. 

We remark that one can find a fc-subset of the vertices of H^^n-i whose union with H^^ 
is isomorphic to K2k, but the resulting graph is not a ball-graph. 

3. Distinguishing number and imprimitivity 

In this section, given an arbitrary infinite set V, we obtain an upper bound for the 
distinguishing number for a group G of permutations acting imprimitively on V. We 
then apply this bound to the group of automorphisms of a locally finite graph in order 
to demonstrate that our bound is sharp. These results complement those of Section 3 of 
[lOj . which concern primitive group actions. Since imprimitive groups can be embedded 
in wreath products in a natural way, we first present for completeness a definition and 
notation for the wreath product of two permutation groups. (See, for example, [21 pp 
67-72].) 

Let H < Sym {A) and K < Sym (B). Then the wreath product H I K is defined to be 
the semidirect product Fun(i?, H) x K, where Fun{B, H) is the group of functions from 
B to H. The wreath product H I K has a faithful action (called the imprimitive action) 
on Ax B, defined as follows: for all {a,b) e A x B, f e Fun(i?, H), and k e K, 

{a^h^f'^^ := {af^^\h''). (1) 

Theorem 6. Let G < Sym iV) he a transitive group of permutations, let SS he a system 
of imprimitivity induced hy G, and let A E Let H he the suhgroup of Sym {A) induced 
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by the setwise stabilizer G {a} ■ If X is any set such that \X\ = D{G,I^), then 

D{G, V) < D{H I Sym {X),AxX). 

Proof. Fix some block A E Let % : — )■ X be a distinguishing coloring of {G,J^), 
and let ip : A X X ^ Y he a distinguishing coloring of {H I Sym (X), A x X), where Y is 
some sufficiently large set of colors. Thus D{H I Sym (X), A x X) < 

Since (G, ^) is transitive, for each B E there exists qb E G such that B^^ = A. 
This defines an injection f : ^ ^ G given by i? i— )■ qb] that is, 

= A for each B e ^. 

We now define a coloring (f) : V ^ Y as follows: for each t; G V^, if -B is the block in ^ 
containing f , then 

It remains only to show that describes a distinguishing coloring of (G, V), for this will 
imply that, for any set Y, if D{H I Sym (X), A x X) < then D{G, V) < \Y\. 

Suppose that some permutation g & G preserves all the color classes of in V^. \i x E A 
and B E SS^ then we have 

However, we also have that 



Hence, for all x G A and B E and for all (? G G that preserve the coloring function (/), 
we have 

= ^ • (2) 

Fix some g E G that preserves the coloring of V. We now show that g must fix V 
pointwise, from which it follows that is a distinguishing coloring of {G, V). Fix B E ^ 
and note that f{B)~^gf{B^) G G^a}- Let h E H he the permutation of A induced by 
f{B)'^gf{B^). Let a G Sym (X) be the permutation of X that interchanges the colors 
x{B) and x{B^) ^iid fixes every other element of X; thus either (i) o" is is a transposition 
or (n) a = lx- 

Let us define 6' : X —t- if by 

iii = x{B)- 
iii = x{B3)- 
otherwise. 

Thus (^,0") G i/ I Sym(X), and we must apply Equation ([1]) to evaluate (x, G 
A X X in each of the two cases. 

In Case (i), where x{B) ^ xiB^), we have by Equation ([1]) that {x,xiB))^^'°'^ = 
(x^ixiB))^^^^^^-^ = and (x^, ^(S^))^^''"^ = for all x E A, while all 

other elements of A x X remain fixed by {6, a). Thus, by Equation ([2]), the permutation 
{6, a) preserves the color classes of -0 on A x X and is therefore the identity. Since this 
contradicts the assumption that x(-B) 7^ x{B^), Case (i) is not possible. 

So, we must have Case (ii), where x{B) = x{B^)- We now define 

'h iii = x{B)- 
1h otherwise. 

Applying Equation ([T]) again (and noting that a is trivial), we have (x, x(-B))*^^''^'' = 
{x^,x{B)) = {x^,x{B^)) for all x E A; every other element of A x X is fixed by {9,0-). 




BOUNDING THE DISTINGUISHING NUMBER OF INFINITE GRAPHS 7 

Thus by Equation (j2]) the permutation {9, a) preserves the coloring ip, and is therefore 
the identity o\i Ax X. In particular, h = 1a- 

Since B & ^ was chosen arbitrarily, we have shown that for all 5 G i^, 

x{B) = xm 

and 

f{B)-^gf{B)eG^A), 

where here denotes the pointwise stabilizer in G of A. Thus the action of on 
preserves x, and so g fixes each block in setwise. Furthermore, iiy &V then there exists 

some B e ^ and x e A such that y = x^^-^^"' = (^x^^^^'afiB)^ ^ j.fiB)-^g ^ 

Hence g fixes V pointwise, and is a distinguishing coloring of {G, V). □ 

Using Theorem IH] it is not difficult to obtain a proof of Theorem |H The key to the 
proof is the well-known observation that imprimitive permutation groups can be embedded 
inside wreath products. 

Proof of Theorem^ Let H be the subgroup of G := Aut {{B)) induced by the setwise 
stabilizer G{b}, and let be a set such that |A^| = n. Represent the vertex set of n{B) 
as B X N = {{x,^) : X E B] z/G N}, where we understand that for any given uq G A^, 
the set {(x, uq) : x E B} spans a copy of (B). 

Since G I Sym (A^) acts as a group of permutations on B x N, we have G I Sym (A^) < 
Sym (i? X A^), and since G I Sym (A^) preserves the edge structure of n{B), we have 
G I Sym (A^) < Aut {n{B)). We now apply Theorem [HI giving 

D{T) < D{H I Sym (A^), 5 x A^) < D(Aut {{B))l Sym (A^), 5 x A^) < D{n{B)). 

This bound is sharp, since given a cardinal n and a connected graph B, one could choose 
r to be the graph nB. □ 

Remark 7. The bound in Theorem S] is sharp even for connected graphs, since n{B) and 
its complement have the same distinguishing number. 

We are now able to bound the distinguishing number of an imprimitive graph in a 
simple way. 

Corollary 8. Under the hypothesis of Theorem^ if n := D{T / =) and k := D[{B)) are 
finite, then 

D{T) < kn^/^ + 1. 

Proof. Let m be the integer satisfying kn^/'^ < m < kn^^'^ + L Since m > k, we have 
(X) — {f^/kY > n. But if m satisfies (f^) > n, then D{n{B)) < m, because a different k- 
set of colors may be used for each copy of (B). Hence by Theorem HI -D(r) < D{n{B)) < 
m < kn^/^ + L □ 

For a permutation group {H.,A) let nr{H,A) be the number of distinct distinguishing 
r-colorings of {H, A). For S* C N let 



min*S' := 



min 5* if 5* 7^ 0; and 
Ko if ^ = 0. 

In the Introduction of this article, we referred to a result of Melody Chan: 

Proposition 9 (M. Chan [H Theorem 2.3]). If {H, A) and {K, B) are permutation groups 
and D{K, B) is finite, then 

D{H lK,Ax B)= min* {r G N : nr{H, A) > \H\ ■ D{K, B)} . 



8 



BOUNDING THE DISTINGUISHING NUMBER OF INFINITE GRAPHS 



We conclude by showing how Chan's result implies Theorems H] and [6] in the case if 
finite distinguishing numbers. 

Proof. Suppose that {G, V) is a transitive permutation group that induces a system of 
imprimitivity Let G'^ be the subgroup of Sym {^) induced by the action of G on 
Suppose that D{G'^,J3S) = n, where n is a positive integer. Let X denote an n-set of 
colors. Let A ^ and let H be the subgroup of Sym {A) induced by the setwise stabilizer 
G^A}, Observe (by [21 Theorem 8.5]) that (G, V) is permutation-isomorphic to a subgroup 
of [HlG"^, Ax Hence, D{G,V) < D{HlG"^ , Ax^) andD(G'^,^) = D{Sjm{X),X). 
Since n is finite, Proposition yields: 

D{H I G"^, Ax^)= mm* {r e N : A) > \H\ ■ D{G'^ , ^)] 

= mm* {r G N : A) > \H\ ■ D(Sym (X), X)} 

= D{HlSYm{X),Ax X). 

We have thus deduced the statement of Theorem E] in the case where n is finite. Recall 
that Theorem is used in the proof of Theorem HI □ 
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